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-1hm ( Weyl )
.

Let 8 be an irrational number
.

Then the sequence
is

( { no } )n=
,

is equi distributed in [0,11
.

Recall that a sequence cxnln.IE [o , 1)
is said to be

equidistributed in [0,1) if for any fable [0,1)
,

Ii 'm ¥ # { 1 the N : Xue la , b) } = b-a
.

N→w

More generally
,
Weyl proved the following result :

-1hm ( Weyl's criterion ) Let fxnln? be a sequence
with Xne [0,1)

.

Then (Xn)n?, is equi distributed
in [0,1) if and only if

him ¥ É
,

e- "
ik""

= o for all he Z|{o }
.

Nino



§ 4.4 A continuous but nowhere differentiable

function on ☒
.

In 1861
,
Riemann conjectured that

is sin (Ix)
Rex , = I

h=o F-

is cts but nowhere differentiable on LR
.

In 1916
, Hardy proved that

Rai is not diff if ¥ is irrational
.

In 1969 , G-ever proved that

Rex ) is diff ⇒ g- = ¥ where

P, 9- are odd
numbers

.

In 1872 , Weierstrass constructed the first
example of cts but nowhere differentiable function :



fan = ÷ bhcosfahxl
,

where A >1
,

0s b. < 1

such that ab > it ¥
.

Remark : Pope nowadays know that the condition's

ab > It 3¥ can be weaken ab > 1
.

Here we proved a special version of Weierstrass '
result .

-1hm 1
.

Let 0<24 . Define
co

- na
. ei

2%
facxl = I 2n=o ,

Xt KR
.

Then f, is cts but nowhere diff on 112
.

^
( notice that farm ) to ⇒ m= 2h for some integer n %)



Idea : Let off R(Eñ, -111 ) ( i.e . g is integrable

on (-17,1-11)
.

We consider the so- called delayed mean of 9
,

µ
(G) (x ) = 2 . 82N (8) CX ) - 8µ(g) (x)

,

where

8m (g) an = É G-%-) g^(n , ein
×

h=-N

( N -th Cesaro Mean of g)

By a direct calculation ,

µ
(g) (X ) = 2 ohm (8) (X ) - (g) Cx)

= 2 .
I

Mean
-

( 1- %÷ ) gin , einx

- Ilnk.mil/-YY-)g7n)einx
E. a-¥1,197m

⇒ ¥qfane.im/-2*1nls2Nn=-N einx



Let us consider Aiyffs ) !x)

• Observe that if N= 2m then

µ(fate )= Saffo) Cx )
-na iznx

= En
e

n=o

2
.

• Moreover if N= 2m then

zµ
(fatal - AN /fatal

Mtl

= Iz-hdeiix-zmz-ndeiixh.to
h=o

= 2- lmtildeizm"×
-



Prop 3 .
Let ge RIETI , -111) . Suppose 9 is

differentiable at Xo .

Then

/ 6*1911×0) / E C . log N
,

where c is a constant .

We first use prop 3 to prove -1hm 1

Proof of -1hm 1 : Suppose on the contrary that

f-a. is diff at one point xo .

Then
p

µ ffa ) (xo ) = 2 82N ( f-a)
'

(Xo) - 8N Cfa)
/

(Xo)

/ Aµ(f-a)
'

cxo ) / f 218am (ta )'cxo ) / 1- * ffa)
/

ko )/

£ 2 - C - log4N ) + c. log AT

f E log Ali . ④



Taking N=- zm
,

i 2m¥,- in-1112
. Izµ(faKx ) - Aµf&(xD = 2

Then
• Cm-11/(1-2) izmtlx

zµ(fat "(Xo) - Anfa (xo ) = Ñ 2 • e

Hence

(m-11111-2)
11-1*(5211×0) - Airfix.kz

.
4-1*1

.

However by 4*1 ,

I 02N (fat '(Xo ) / E E . log -4N) = E. (m-111

/ ON (5-24×0) / I E. log ( N ) = T.tn
Hence

p

/ Azn /fat "(Xo) - Anfa (xo ) / f 2dm -18 .

It leads to a contradiction with# *)
. ☒



In the end we prove prop 3
.

Lemma 4
.

Let Friar = ÷, 11
- ¥7 ) einx

=÷÷÷¥i- .

Then 7- a constant A > o such that

/ Fnicx , / £ Ani , lfnianle ¥ (***)

for all ✗ C- [- IT, 171 .

Proof .

Final __ É( 1- %-) ein
n=-N

Faia , = É G- %-) in ein
n=-N

Heme
/ Faia .IE#*fi-YY--1nrf(2Nl-1) AT E. 4N?



To see the other upper bound , notice

Finn = *÷¥¥ .

So

*ix. = ÷!÷¥Y" -

Hence

Hime *

lsin.FI?!;*f,in#HK*1E'--
+ µ¥%,j fusing finalsin

-

(E)

E 121 )

£ A.¥ ( using HiL z const so
on E-¥

, ¥1 )



Prop 3 .
Let gc-RC.EE -111) . Suppose 9 is

differentiable at Xo .

Then

/ 6*1911×0) / E C . log N
,

where c is a constant .

Pf . Notice that

8µ(g) a) = ¥ Glbt Fµ(x- y ) dy
.

Taking derivative at ✗☐ gives

8*(81%0) = ¥ [É 9cm . Fnicxo- y ) dy

( because FN is

smooth )

= ¥ f. IT gcxo-y ) Fm' ( y ) dy .

Notice that ¥ f- Fnicyldy = 0 ( since FN is

217 periodic)
.

As a consequence

of, (g)
'

a.) = ¥ [¥ (91×0-9) - gaol ) Fnicyldy



Then

I ofxcgicxo, / £¥É / 91×0-91 - Gao ) / /Faia ) / dy

e ¥fÉ c. list . /Faia ) / dy

( since g is diff at Xo, so

G(×o-Y)-y9 is unif Bdd on EE -111 )
Now

f.¥ list /Fniosildy

= f + f 1911 Fnicsildy
19k¥ ¥49k -11

But

fly
,⇐,

141 / Fxicssldy f) * • AN
'

.dy
19k¥,

= 2A
.



141 ..ly?Tdyglyl1Fnilb1ldJEf*lyk-n
¥19k -11

=s
* risk,

1¥ dy

= 2A . log list /
*

IT
←

= 2A 40gal -11g -11)

Hence

[¥191 ftnicsildy fA~4ogN ) .

So

/ of, (g)
'

(xo ) / e É 108N .

☒
.


